Rules for integrands of the form (A + BLog[e (w) "1)°

c+d x

a+bx)\n\p
1: J(A+BLog[e[ g ) ]] dx whenbc-ad#0 A pez*
c+dx

Derivation: Integration by parts
Basis: 1 = o, 2:2x

A+B Log|e (ﬂ)n] )pfl

cid x

Basis: Oy <A+BLog{e (MV‘})":Bnp (bc-ad) (

c+d x (a+b x) (c+dx)

Rule:lf bc-ad +0 A pez’,then

[fpessefe (2222 on oz ool () oo mecny (et 251

b b

dx

c+dx c+dx

Program code:

Int[(A_.+B_.xLog[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))*n_.]1)"p_.,x_Symbol] :=
(a+bxx) » (A+BxLog[e* ( (a+b*Xx) / (c+d*Xx))~n])*p/b -
Bxnxp* (bxc-axd) /bxInt[ (A+BxLog[ex* ( (a+bxx) / (c+d*x))”*n])”(p-1)/ (c+d*x),x] /;
FreeQ[ {a,b,c,d,e,A,B,n},x] & NeQ[bxc-axd,0] && IGtQ[p,0]

Int[ (A_.+B_.xLog[e_.*x(a_.+b_.*x_)"n_.*(c_.+d_.*x_)"mn_])" p_.,x_Symbol] :=
(a+bxXx) * (A+BxLog[ex (a+bxx) *n/ (c+dxx) *n])p/b -
Bxnxp* (bxc-axd) /bxInt[ (A+BxLog[e* (a+bxXx)n/ (c+dxx)~n])~ (p-1) / (c+d*X) ,x] /;
FreeQ[ {a,b,c,d,e,A,B,n},x] & EqQ[n+mn,0] && NeQ[bxc-axd,0] && IGtQ[p,0]

Note: This rule unifies the above two rules, but is inelegant...

(» Int[ (A_.+B_.xLog[e_.x((a_.+b_.*x_)"nl_.*(c_.+d_.*x_)"n2_)"n_.])"p_.,x_Symbol] :=
(a+b*x) » (A+BxLog[ex ( (a+b*Xx) *nl/ (c+dxx)*nl)“n])"p/b -
Bxnxp* (bxc-axd) /bxInt[ (A+BxLog[e* ( (a+b%x)”~nl/ (c+d*x)”~nl)~n]) " (p-1) / (c+d*x),x] /;
FreeQ[{a,b,c,d,e,A,B,n},x] & EqQ[n1+n2,0] && GtQ[nl1,0] && (EqQ[n1,1] || EqQ[n,1]) && NeQ[bxc-axd,0] && IGtQ[p,0] *)



Rules for integrands of the form (f+g x)”~"m (A+B log(e ((a+b x)/(c+d x))~n))"p

u: J(A+BLog[e [:::i)n]]pdx

Rule:

Jlrsnle (252 e = ool (2252 o
Program code:

Int[(A_.+B_.xLog[e_.*x((a_.+b_.*x_)/(c_.+d_.*x_))”n_.])" p_,x_Symbol] :=
Unintegrable[ (A+BxLog[e* ( (a+bxx) / (c+d*Xx))”n]) p,x] /;
FreeQ[{a,b,c,d,e,A,B,n,p},x]

Int[(A_.+B_.xLog[e_.*x(a_.+b_.*x_)"n_.*(c_.+d_.*x_)"~mn_])" p_,x_Symbol] :=
Unintegrable[ (A+BxLog[e* (a+bxXx)~n/ (c+dxx)~n]) " p,x] /;
FreeQ[{a,b,c,d,e,A,B,n,p},x] && EqQ[n+mn,0]

uynq\p
N: J-(A+BLog[e(—)]) dx whenu==a+bx A v=c+dx
v

Derivation: Algebraic normalization

Rule: If u=-a+bx Av==c+dx,then

J(A+BLog[e (%)n])pd]x — J[A+BLog[e (:::z]n])pdx

Program code:

Int[(A_.+B_.xLog[e_.*(u_/v_)"n_.]1)"p_.,x_Symbol] :=
Int[ (A+BxLog[e* (ExpandToSum[u,x] /ExpandToSum[v,x])”n])*p,x] /;
FreeQ[{e,A,B,n,p},x] && LinearQ[{u,v},x] & Not[LinearMatchQ[{u,v},x]]



Rules for integrands of the form (f+g x)”~"m (A+B log(e ((a+b x)/(c+d x))~n))"p

Int[ (A_.+B_.xLog[e_.xu_"n_.xv_"mn_])"p_.,x_Symbol] :=
Int[ (A+BxLog[exExpandToSum[u,x]”n/ExpandToSum[v,x]”n])"p,x] /;
FreeQ[{e,A,B,n,p},x] & EqQ[n+mn,0] && IGtQ[n,0] && LinearQ[{u,v},x] & Not[LinearMatchQ[{u,v},x]]

Rules for integrands of the form (f + gx)™ (A + B Log[e (2:2X)"])"

a+bx

1. J(f+gx)m(A+BLog[e( ]n]]dlxwhenbc—ad;ée
c+dx

. J\A+BLog[e (ﬁ)"]

f+gx

dx whenbc-ad#0

A+BLog[e (—::Zi)n]
1: dx whenbc-ad#@ Abf-ag=-90
f+gx

Derivation: Integration by parts

; 1 LOg{fdb&zd }
Basis:If b f - a g == 9, then fex — Ox ﬁ—)—
e a+tbx \n __ _Bn(bc-ad)
Basis: Ox <A +Blog [e <c+dx> ] ) T (a+bx) (c+dx)

Rule:lf bc-ad+0 A bf-ag=0,then

bc-ad

JA+BLog[e($)"] Log[- 3] (a+BLogle (22%)7]) +Bn(bc—ad)J Log[- 5

dx —
f+gx g g (a+bx) (c+dx)

Program code:

Int[(A_.+B_.xLog[e_.#((a_.+b_.*x_)/(c_.+d_.#x_))*n_.1)/(f_.+g_.*x_),x_Symbol] :=
-Log[- (bxc-axd) / (d* (a+b*x) ) ] * (A+BxLog[ex* ( (a+bxXx) / (c+d*Xx))”*n]) /g +
Bxn* (bxc-axd) /gxInt[Log[- (bxc-axd) / (dx (a+b*x)) ]/ ((a+b*X) * (c+d*Xx)) ,x] /;
FreeQ[{a,b,c,d,e,f,g,A,B,n},x| && NeQ[bxc-axd,0] && EqQ[bxf-a+g,0]



Rules for integrands of the form (f+g x)”~"m (A+B log(e ((a+b x)/(c+d x))~n))"p

Int[(A_.+B_.xLog[e_.*(a_.+b_.*x_)~n_.x(c_.+d_.*x_)~mn_])/(f_.+g_.*x_),x_Symbol] :=
-Log[- (bxc-axd) / (d* (a+b*x) ) ] * (A+BxLog[e* (a+bxXx)~n/ (c+d*x)~n]) /g +
Bxn* (bxc-axd) /gxInt[Log[- (bxc-axd) / (d* (a+b*x)) ]/ ((a+b*X) * (c+d*x)),x] /;
FreeQ[{a,b,c,d,e,f,g,A,B,n},x]| & EqQ[n+mn,0] && NeQ[bxc-a+d,0] && EqQ[bxf-a+g,0]

A+BLog[e (::Zi)n]
2: dx whenbc-ad#0 Adf-cg=-0
f+gx

Derivation: Integration by parts
bc-ad }

S L 1 __ Log[b«cﬂjx\
Basis:If d f - c g == 9, then frex = — Ox .

Basis: Oy <A+BLog{e (M>”]) __ _Bn(bc-ad)

c+d x (a+b x) (c+dx)

Rule:lf bc-ad+0 A df-cg=0,then

bc-ad bc-ad ]

JA+BLOE[E($)H] Log[b(c+dx) (A+BLog[e(:z:)n]) Bn(bC-ad)J LOg[b(c+dX)
— - +

dx
fegx g g (a+bx) (c+dx)

dx

Program code:

Int[(A_.+B_.xLog[e_.x((a_.+b_.*x_)/(c_.+d_.»x_))~n_.1)/(f_.+g_.*x_),x_Symbol] :=
-Log[ (bxc-axd) / (b* (c+dxXx) ) ] (A+BxLog[ex ( (a+bxXx) / (c+dxx))”n]) /g +
Bxnx (bxc-axd) /gxInt[Log[ (bxc-axd) / (b* (c+dxXx)) 1/ ((a+bxXx) * (c+dxXx) ) ,x] /;
FreeQ[{a,b,c,d,e,f,g,A,B,n},x| & NeQ[bxc-axd,0] && EqQ[d»f-cg,0]

Int[(A_.+B_.xLog[e_.x(a_.+b_.*x_)"n_.x(c_.+d_.*x_)~mn_])/(f_.+g_.*x_),x_Symbol] :=
-Log[ (bxc-axd) / (bx (c+d*x) ) ]* (A+BxLog[ex (a+b*x)*n/ (c+d*x)”*n]) /g +
Bxnx (bxc-axd) /gxInt[Log[ (bxc-axd) / (bx (c+d*x)) ]/ ((a+bxx)* (c+dxx)),x] /;
FreeQ[{a,b,c,d,e,f,g,A,B,n},x] & EqQ[n+mn,8] & NeQ[bxc-axd,0] 8&& EqQ[d+f-cg,0]



Rules for integrands of the form (f+g x)”~"m (A+B log(e ((a+b x)/(c+d x))~n))"p

3: JA+BLOg[e (%)n] dx whenbc-ad#0

f+gx

Derivation: Integration by parts

Basis: O (A+BLog|e (22X)"[) - bBn _ Bdn

c+d x a+b x c+d x

Rule:If bc - ad # 0, then

J‘A+BLog[e (%)"] o Log[f + gx] (A+BLog[e (%)"]) ) anJ-Log['F+gx] LY

f+gx g g a+bx

Program code:

Int[(A_.+B_.xLog[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))"n_.1)/(f_.+g_.*x_),x_Symbol] :=
Log ['F+g*x] * (A+BxLog[e* ( (a+b*x) / (c+d*x))~n]) /g -
bxBxn/gxInt [Log [f+g*x]/(a+b*x) ,X] +
Bxdxn/g+Int[Log[f+gsx]/(c+dxx),x] /;

FreeQ[{a,b,c,d,e,f,g,A,B,n},x]| && NeQ[bxc-a+d,0]

Int[(A_.+B_.xLog[e_.*(a_.+b_.*x_)~n_.x(c_.+d_.*x_)~mn_])/(f_.+g_.*x_),x_Symbol] :=
Log [f+g*X| » (A+BxLog[e (a+bxx)“n/ (c+d#x)"n]) /g -
bxBxn/gxInt [Log [f+g*x]/(a+b*x) ,x] +
Bxdxn/g+Int[Log[f+gsx]/(c+dxx),x] /;

FreeQ[{a,b,c,d,e,f,g,A,B,n},x] & EqQ[n+mn,8] & NeQ[bxc-axd,0]

a+bx

2: J(f+gx)'" (A+BLog[e {

n
) ]]dlx whenbc-ad#0 Am#-1 A m#-2
c+dx

Derivation: Integration by parts

Basis: Oy <A+BLog[e <m>n}> : (Bn (bc-ad)

c+d x a+b x) (c+dx)

Rule:lf bc-ad+#0 Am# -1 A m# -2,then

g

J

Log[f + g x| ix

c+dx



Rules for integrands of the form (f+g x)”~"m (A+B log(e ((a+b x)/(c+d x))~n))"p

a+b x )m+1

J(f+gx)m[A+BLog[e(a+bx]n])dx_) (1‘=+gx)"‘+1 (A+BLOg[e(C*dx)"]) _Bn(bc—ad)J- (F+gx n

c+dx g (m+1) g (m+1) (a+bx) (c+dx)

Program code:

Int[(f_.+g_.#*x_) m_.* (A_.+B_.xLog[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))"n_.]),x_Symbol] :=
(Frg#x)~ (m+1) x (A+BxLog[ex ((a+bxx) / (c+dxx) ) n])/ (g (m+1)) -
B*n*(b*c—a*d)/(g*(m+1))*Int[(f+g*x)A(m+1)/((a+b*x)*(c+d*x)),x] /3

FreeQ[{a,b,c,d,e,f,g,A,B,m,n},x]| && NeQ[bxc-axd,0] && NeQ[m,-1] && NeQ[m,-2]

Int[(f_.+g_.#x_) m_.% (A_.+B_.xLog[e_.%(a_.+b_.*x_)"n_.#(c_.+d_.*x_)"mn_]),x_Symbol] :=
(Frg#x)~ (m+1) x (A+BxLog[ex (a+bxx)*n/ (c+d#x)"n]) / (g* (m+1)) -
B*n*(b*c-a*d)/(g*(m+1))*1nt[(f+g*x)A(m+1)/((a+b*x)*(c+d*x)),x] /3

FreeQ[{a,b,c,d,e,f,g,A,B,m,n},x]| && EqQ[n+mn,0] && NeQ[bxc-axd,0] && NeQ[m,-1] & Not[EqQ[m,-2] & IntegerQ[n]]

a+bx

n_\p
2. J(f+gx)“‘(A+BLog[e[ y ] ]] dx whenbc-ad#@ A (m|p) ez
c+dx

1: j(f+gx)'" (A+BLog[e[

a+bx

n.\p
3 )]] dx whenbc-ad#@ A (m|p)ezZ Abf-ag=0A (p>0Vm<-1)
c+dx

Derivation: Integration by substitution

P atbx | __ _ F[fahidcxx’x} a+bx} a+b x
Ba5|s.F[x, de} = (bc-ad) Subst{ bz Xs ax Ox dx

Rule:lff bc-ad+@ A (m|p)eZAbf-ag=0A (p>0vm< -1),then

b m(A+BL n ] b
J~(-F+gx)"'(A+BLog[e(a+ X]n]]pdlx—> (bc—ad)m+1(§)m5ubst[fx (A+BLog[ex]) dx, X, 2 X]
c+dx b (b - d x)™? c+dx

Program code:

Int[(f_.+g_.#x_) m_.*(A_.+B_.xLog[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))"n_.1)"p_.,x_Symbol] :=
(bxc-axd)~ (m+1) % (g/b) *mxSubst [Int [x"m* (A+BxLog[exx”*n])~*p/ (b-d*Xx) "~ (m+2) ,x],X, (a+b*x) / (c+d*x)] /;
FreeQ[{a,b,c,d,e,f,g,A,B,n},x| & NeQ[bxc-a+d,0] 8&& IntegersQ[m,p] && EqQ[bsf-a+g,0] && (GtQ[p,@] || LtQ[m,-1])



Rules for integrands of the form (f+g x)”~"m (A+B log(e ((a+b x)/(c+d x))~n))"p 7
Int[(f_.+g_.#x_) m_.% (A_.+B_.xLog[e_.*(a_.+b_.*Xx_)"n_.#(c_.+d_.*x_)"mn_])"p_.,x_Symbol] :=

(bxc-axd)”~ (m+1) * (g/b) “mxSubst [Int [x"m* (A+BxLog[exx”*n]) ~p/ (b-d*x) "~ (m+2) ,x],X, (a+b*x) / (c+d*x)] /;
FreeQ[{a,b,c,d,e,f,g,A,B,n},x]| & EqQ[n+mn,0] 8&& IGtQ[n,0] && NeQ[bxc-axd,0] 8&& IntegersQ[m,p] && EqQ[bxf-axg,0] && (GtQ[p,0] || LtQ[m,-1

a+bx

2: J(f+gx)m (A+BLog[e(

n.\p
p )” dx whenbc-ad#@ A (m|p)ezZ Adf-cg==0 A (p>0Vm<-1)
c+dX

Derivation: Integration by substitution

. atbx | __ B i a+b x a+b x
Basis: F |x, 22X| == (bc-ad) Subst{ R, X, B O B

Rule:lff bc-ad+@ A (m|p) ez ANdf-cg=0 A (p>0VvVm< -1),then

A+BL n1)®
J(-F+gx)m(A+BLog[e(a+bx]n]]pdlx—> (bc—ad)m+1(§)m5ubst[j( . og[ex]) dx, X, a+bx]
c+dx d (b - d x)™?2 c+dx

Program code:

Int[(f_.+g_.#*x_) m_.*(A_.+B_.xLog[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))"n_.]1)"p_.,x_Symbol]| :=
(bxc-axd)~ (m+1) % (g/d) “mxSubst [Int [ (A+BxLog[exx"n])*p/ (b-d*x) ~ (m+2) ,Xx],X, (a+bxXx) / (c+d*x)] /;
FreeQ[{a,b,c,d,e,f,g,A,B,n},x| & NeQ[bxc-axd,0] && IntegersQ[m,p] && EqQ[dsf-c+g,0] && (GtQ[p,@] || LtQ[m,-1])

Int[(f_.+g_.#x_) m_.% (A_.+B_.xLog[e_.*(a_.+b_.*Xx_)"n_.*(c_.+d_.*x_)"mn_])"p_.,x_Symbol] :=
(bxc-axd)~ (m+1) % (g/d) *mxSubst [Int [ (A+BxLog[exx n])~p/ (b-d#x)~ (m+2) ,X] ,X, (a+bxX) / (C+d%x)] /3
FreeQ[{a,b,c,d,e,f,g,A,B,n},x] & EqQ[n+mn,8] & IGtQ[n,0] && NeQ[bxc-axd,0] && IntegersQ[m,p] & EqQ[d+f-cxg,0] && (GtQ[p,@] || LtQ[m,-1



Rules for integrands of the form (f+g x)”~"m (A+B log(e ((a+b x)/(c+d x))~n))"p

a+bx

3: J(f+gx)'" (A+BLog[e [

n.\p
) ]] dx whenbc-ad#@ AmezZ A pez*
c+dx

Derivation: Integration by substitution

F. a+b x o _ F[faicx"x} a+b x a+b x
Ba5|s.F{x, —de] = (bc-ad) Subs’c{—fuu—(bdx>2 > Xo Toay Gx—c+dx

Rule:lf bc-ad+@ Amez A peZ*,then

bx\n bf-ag- (df- "(A+BL ny)P
j(f+gx)’" (A+BLog[e (a+ X) ]]pdlx—> (bc-ad) Subst[J( 2g- | cg) x)" (A+Bloglex']) dx
c+dx (b - d x)™?2

Program code:

Int[(f_.+g_.#x_) m_.* (A_.+B_.xLog[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))"n_.]1)"p_.,x_Symbol] :=
(bxc-axd) xSubst [Int [ (b*f—a*g— (d*f—C*g) *x) Am* (A+BxLog[exx"n]) ~p/ (b-dxx) ~ (m+2) ,x] X, (a+b*x) / (c+d*x) ] /3
FreeQ[{a,b,c,d,e,f,g,A,B,n},x| & NeQ[bxc-axd,0] && IntegerQ[m] && IGtQ[p,0]

Int[(f_.+g_.#*x_) m_.% (A_.+B_.xLog[e_.*(a_.+b_.*X_)"n_.#(c_.+d_.*x_)"mn_])"p_.,x_Symbol] :=
(bxc-axd) xSubst [Int [ (bxf-axg- (dxf-cxg)+Xx) "mx (A+BxLog[exx"n])~p/ (b-dxx) ~ (m+2) ,X],X, (a+bxx) / (c+d*x) ] /;
FreeQ[{a,b,c,d,e,f,g,A,B,n},x] & EqQ[n+mn,8] & IGtQ[n,0] && NeQ[bxc-axd,0] && IntegerQ[m] & IGtQ[p,0]




Rules for integrands of the form (f+g x)”~"m (A+B log(e ((a+b x)/(c+d x))~n))"p

u: J(-F+gx)"' (A+BLog[e (a+bx]n]]pdlx

c+dx

Rule:

a+bx\n;\p a+bx\n\p
J.(-F+gx)"'[A+BLog[e( ] ]] dlx—»J-(-F+gx)"'[A+BLog[e( ] ]] dx
c+dx c+dx
Program code:
Int[(f_.+g_.#x_) m_.* (A_.+B_.xLog[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))"n_.1)"p_.,x_Symbol] :=
Unintegrable[ (f+gx)“m« (A+BxLog[ex ((a+bxx) / (c+dxx))"n]) p,x] /;
FreeQ[{a,b,c,d,e,f,g,A,B,m,n,p},x]
Int[(f_.+g_.#*x_) m_.% (A_.+B_.xLog[e_.*(a_.+b_.*X_)"n_.#(c_.+d_.*x_)"mn_])"p_.,x_Symbol] :=

Unintegrable[ (f+gx)~m« (A+BxLog[ex (a+bxx) ~n/ (c+dxx)*n])~p,x] /;
FreeQ[{a,b,c,d,e,f,g,A,B,m,n,p},x] && EqQ[n+mn,0] && IntegerQ[n]

uynq\p
N: Jw'“ (A+BLog[e(—) ]) dx whenu=a+bx Av=c+dx Aw=Ff+gXx
v

Derivation: Algebraic normalization

Rule: If u=-a+bx Av::c+dwa==-F+gx,then

Jﬂ"@+BLogP(%)W)pdx-a JXf+ng[A+BLogh(:::z)W)pdx

Program code:

Int[w_"m_.x(A_.+B_.xLog[e_.x(u_/v_)”~n_.])"p_.,x_Symbol] :=
Int [ExpandToSum[w,x]*m* (A+BxLog[e* (ExpandToSum[u,x] /ExpandToSum[v,x])~n])*p,x] /;
FreeQ[{e,A,B,m,n,p},x] & LinearQ[{u,v,w},x] && Not[LinearMatchQ[{u,v,w},x] ]



Rules for integrands of the form (f+g x)”~"m (A+B log(e ((a+b x)/(c+d x))~n))"p

Int[w_"m_.*(A_.+B_.xLog[e_.*u_”~n_.*v_"mn_])”p_.,x_Symbol] :=
Int [ExpandToSum[w,x]*m* (A+BxLog[exExpandToSum[u,x]~n/ExpandToSum[v,x]”~n])"p,x] /;
FreeQ[{e,A,B,m,n,p},x] && EqQ[n+mn,0] && IGtQ[n,0] && LinearQ[{u,v,w},x] && Not[Linear‘MatchQ[{u,v,w},x]]
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